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Abstract. Consider a rational map / of degree at least 2 acting on 
its Julia set J(/), a Holder continuous potential Lp : J{f) — >■ R and the 
pressure P{f, ffi)- In the case where 

supip < P{f,(p), 
Af) 

the uniqueness and stochastic properties of the corresponding equilib- 
rium states have been extensively studied. In this paper we characterize 
those potentials ip for which this property is satisfied for some iterate 
of /, in terms of the expanding properties of the corresponding equi- 
librium states. A direct consequence of this result is that for a non- 
uniformly hyperbolic rational map every Holder continuous potential 
has a unique equilibrium state and that this measure is exponentially 
mixing. 



1. Introduction 

In their pioneer works, Sinai, Ruelle and Bowen gave a complete de- 
scription of the thermodynamic formalism of a smooth uniformly hyperbolic 
diffeomorphism acting on a compact manifold and a Holder continuous po- 
tential |Sin72l IBow751 IRue76j . In the one-dimensional setting there have 
been several extensions of these results to real or complex maps which are 
not necessarily uniformly hyperbolic. The lack of uniform hyperbolicity is 
compensated by an extra hypothesis on the potential. Notably, for a general 
complex rational map / of degree at least 2 acting on its Julia set J(/), there 
have been a wealth of results for a Holder continuous potential : J(/) — )• M 
satisfying 



(*) sup Lp{z) < P(/,v?), 

where P{f, (p) denotes the pressure. This includes a series of papers by 
Denker, Haydn, Przytycki and Urbaiiski |DU91l IDPU961 |Hay99t IPrz90] on 
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the uniqueness and the stochastic properties of the corresponding equihb- 



rium states, extending previous results of Lyubich Lju83 and Preire, Lopes 



and Maiie |FLM83I IMafi83j . See also [BK98; BT081 11X10] for results for 
sufficiently regular interval maps, Baladi's book [BalOOj §3.2] and references 
therein for piecewise monotone transformations and |UZ09t IVVlOj and ref- 
erences therein for (recent) results in higher dimensions. 

In this paper we show that for a rational map / of degree at least 2, a 
Holder continuous potential satisfies (*) for an iterate of / if and only if 
the Lyapunov exponent of each equilibrium state of / for the potential ip 
is positive. A direct consequence of this result is that for a rational map 
satisfying the Topological Collet-Eckmann condition, every Holder contin- 
uous potential satisfies (*) for an iterate of /. Combined with the work of 
Denker, Haydn, Przytycki and Urbahski op.cit., this implies that for such / 
every Holder continuous potential has a unique equilibrium state and that 
this measure is exponentially mixing. 

To state our result more precisely, fix a rational map / of degree at least 2. 
For an invariant probability measure /i on J{f) we denote by h^{f) its 
measure theoretic entropy and by 

xM) ■■= J iiil/V^ 

its Lyapunov exponent. We will say that is exponentially mixing, or that 
it has exponential decay of correlations, if there are constants C > and 
p G (0, 1) such that for every integer n > 1, every bounded and measurable 
function (p : J{f) M and every Lipschitz continuous function ip : J{f) — )> 
M, we have 

{(j) o /") . tpdfi - / (j)dn / ■ipdf-i 



<C||</.|U||Vl|Lip/5", 

where WcpWoo = sup^eJ(/) 1^(^)1 and ||^||Lip = sup^^^,gj(j)^^_^^, ^^^ifeSf^- 

For a Holder continuous potential ip : J(/) — )■ M, the pressure P{f, ip) is 
by definition, 

P(/, ip) = sup + j pdfx : fi invariant probability measure on J(/) 

A measure is an equilibrium state of f for the potential p if it realizes the 
supremum above. 

We will say that a Holder continuous potential p : J(/) — t- M is hyperbolic 
for f if for some integer n > 1 the function Sn{p) = p + po f + ■ ■ - -[-po /"^^ 
satisfies 

sup Sn{p){z) < P{f,Sn{p)). 

Main Theorem. For a rational map f of degree at least 2 and a Holder 
continuous potential p : J{f) M, the following conditions are equivalent: 

1. the potential p is hyperbolic; 
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2. the Lyapunov exponent of each equilibrium state of f for the poten- 
tial (f is strictly positive. 

Furthermore, if these equivalent conditions are satisfied, then: 

3. there is a unique equilibrium state ^ of f for the potential (p. More- 
over the measure theoretic entropy of fi is strictly positive and ^ is 
exponentially mixing. 

For a rational map / such that the Lyapunov exponent of every invari- 
ant probability measure on the Julia set is strictly positive, part 2 of the 
IMain TheoremI is automatically satisfied for every Holder continuous po- 
tential if. So the following corollary is an immediate consequence of the 
IMain TheoremI 

Corollary 1.1. Let f be a rational map of degree at least 2 such that the 
Lyapunov exponent of each invariant probability measure on J{f) is strictly 
positive. Then for every Holder continuous potential ip : J{f) — > K proper- 
ties 1, 2 and 3 of the \Main TheorenH hold. 

This result applies in particular to rational maps satisfying a strong form 
of non-uniform hyperbolicity, called the Topological Collet-Eckmann condi- 
tion^ It can be defined as the following strong form of Pesin's non-uniform 
hyperbolicity condition: 

There exists x > such that the Lyapunov exponent of each 

invariant probability measure jj, on J{f) satisfies 

Xi^if) > X- 

See [PRLS03] for several equivalent formulations of this condition, includ- 
ing the original formulation in topological terms. Although the topological 
Collet-Eckmann condition is very strong, the set of rational maps that sat- 
isfy it, but that are not uniformly hyperbolic, has positive Leb esgue m easure 



in the space of rational maps of a given degree, see Asp04 IgSOO ISmiOO) 
and references therein. 

We thus obtain the following corollary as a direct consequence of the 
previous one. 

Corollary 1.2. Let f be a rational map of degree at least 2 satisfying the 
Topological Collet-Eckmann condition. Then for every Holder continuous 
potential (p : J(/) — )■ M properties 1, 2 and 3 of the Main Theorem hold. 

The existence and uniqueness of the equilibrium state where shown in [CRL11| 
Theorem A] 

We now comment on the proof of the Main Theorem. The implication 1 
2 is obtained from the variational principle and Ruelle's inequality, through 
a combination of known arguments. The implication 1 ^ 3 is easily deduced 



^However there are rational maps for which the Lyapunov exponent of each invari- 
ant probability measure on the Julia set is strictly positive and that do not satisfy the 
topological Collet-Eckmann condition, see [BT06I Corollary 2]. 
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from the combined results of Denker, Haydn, Przytycki and Urbanski op.cit. 
The main difficulty in the proof of the Main Theorem is in the proof of the 
implication 2 1, which we deduce from the following result. 

Key Lemma. Let f be a rational map of degree at least 2 and let /x be an 
ergodic invariant probability measure on J{f) whose Lyapunov exponent is 
strictly positive. Then for every Holder continuous potential if : J{f) — )• M 
and each t >0 we have 

p{f,^-tin\f'\) > I ^d^i-txM)■ 

For if and t > as in this lemma, the pressure </? — t In |/'|) and the 
equilibrium states of / for the potential (p — tln|/'| are defined as before, 
through the variational principle0 

Although we only need this result for t = 0, we have included this more 
general formulation for future reference. When (p is constant equal to 
and t > 0, this result appeared in the first and second version of the 
preprint [PRL08) . but it did not appear in the published version of this 
paper. The proof given here is mostly a throughout revision of |PRL081 
Lemma 8.2], although some additional arguments are needed to handle the 
case t = that we use here to prove the Main Theorem. 

As in the preprint [PRL08], we obtain the following result as a direct 



consequence of the Key Lemma First note that if we put 

Xinf(/) := inf{xAt(/) '■ ^ invariant probability measure on J{f)}, 

then for each t > we have P{f, —tin \f'\) > — tXinf- We call 

t+ := sup{t > : P{f, -t In |/'|) > -txi„f } 

the freezing point of f. When the freezing point t+ is finite, it is strictly posi- 
tive and by definition for each t G +oo) we have P{f, —t In |/'|) = — tXinf ; 
so the function t i->- P{f,—tln\f'\) cannot be real analytic at t = t+. Al- 
though for a uniformly hyperbolic rational map / we always have t+ = +oo, 
Makarov and Smirnov have shown that there are (generalized polynomial 
like) maps that satisfy the Topological Collet-Eckmann condition and whose 
freezing point is finite, see [MS03j. 

Corollary 1.3. Let f be a rational map satisfying the Topological Collet- 
Eckmann condition and whose freezing point t+ is finite. Then the following 
properties hold. 

1. For each invariant probability measure /i on J{f) we have Xf^if) > 

Xiniif)- 

2. For each t G (t+,+(X)) there is no equilibrium state of f for the 
potential — t In |/'|. 



Note however that when t > the usual topological pressure is equal to +cxd, 
whereas P{f, (p — t\n\f'\) < +oo. 
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3. There is at most one equilibrium state of f for the potential — t In 
If such a measure exists, then its measure theoretic entropy is strictly 
positive and the pressure function t i— )• P{f, —tin [/'[) is not differ- 
entiahle at t = t^. 

The proof of this coroUary is given at the end of ^ 

Note that part 1 of this result imphes that for / as in the statement of this 
coroUary the function fi i— )• Xfiif) is discontinuous. This is not so surprising, 
as Bruin and Keller showed in |BK98l Proposition 2.8] that this holds for 
every S-unimodal interval map satisfying the Collet-Eckmann condition. 

1.1. Organization. After recalling a few preliminary facts in ^ in S}3]we 
gather several properties of hyperbolic potentials, that hold for a general 
continuous map acting on a compact metric space. After these general 
considerations, the IMain TheoremI is easily deduced from the Key Lemma 
The proof of Corollary 11.31 is given at the end of f|3l 



The rest of the paper is devoted to the proof of the Key Lemma In the 
case where the measure is supported on an exceptional periodic orbit the 
proof is different; we treat this special case separately in ^ The proof in 
the general case is based on the construction of a suitable "Iterated Func- 
tion System" generated by the rational map (Proposition 15.11 in ^5.2p . We 



deduce the Key Lemma] from this result in ^5.41 after some preparatory 



considerations in §5.31 The proof of Proposition 15.11 is given in ^}6l 

1.2. Acknowledgements. We would like to thank Feliks Przytycki and 
the referee for several comments and corrections. 



2. Preliminaries 

Throughout the rest of this paper we denote by N the set of strictly 
positive integers. 

We endow the Riemann sphere C with the spherical metric, that we denote 
by dist. Distances, diameters, balls and derivatives are all taken with respect 
to the spherical metric. For each z € C and r > we denote by B{z,r) the 
open ball centered at z and of radius r. 

For basic references on the dynamics of rational maps, see [CG93t[Mil06j . 
The following is a version of the classical Koebe Distortion Theorem (see 
e.g. |Pom92j ). adapted to the spherical metric and to inverse branches of a 
given rational map. 

Koebe Distortion Theorem. For each rational map f of degree at least 2 
there are constants po > and K > 1 such that the following property holds. 
Let n > 1 be an integer, x a point in C and p G (0,po); such that 
maps a neighborhood of x univalently onto B (f '"" {x) , p) . Then for every 
pair of points z and z' in the connected component of f~'^{B{f"'(x), p/2)) 
containing x, we have 

K''<\{fn'{z)\/\{f^y{z')\<K. 
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To deduce this result from the classical Koebe Distortion Theorem, fix 
a periodic orbit O of period at least 3 of / and let /Oq > be sufficiently 
small such that for every point zq in C the ball B{zq,pq) contains at most 
one point of O. Thus for every p G (0, po) and every integer n > 1, each 
connected component W of f~^{B{zQ, p)) contains at most one point of O, 
so 

diam(C \W) > min{diam(C' \ {z}) : z G O} > 0. 

After a change of coordinates that is an isometry with respect to the spheri- 
cal metric we assume that oo is in O, but not in W . Then W is contained in C 
and the spherical metric on the connected component W of f~"'{B{zQ, p/2)) 
contained in W is comparable to the Euclidean metric up to a multiplicative 
factor that only depends on min{diam(0 \ {z}) : z € O}. Similarly, in a 
coordinate such that B{zQ,p) C C, the Euclidean metric on B{zQ,p/2) is 
comparable to the spherical one up to a multiplicative factor that only de- 
pends on pq. So the statement above is a direct consequence of the classical 
Koebe Distortion Theorem. 



3. Hyperbolic potentials of a topological dynamical system 

In this section we gather several properties of hyperbolic potentials which 
hold for a general continuous map acting on a compact metric space; for 
background on the thermodynamic formalism in this setting, see for ex- 
ample [PUlOl IRue781 IWal82j . After these results we give the proof of the 
IMain Theorem! assuming the Key Lemma The proof of Corollary 11.31 is 



given at the end of this section. 

Let X be a compact metric space and f : X X a continuous map. 
We denote by Ai{X, f) the space of Borel probability probability measures 
on X that are invariant by /. 

As for rational maps, for a continuous potential ip : X M the pressure 
is defined by 

P{f,v)= sup {h^{f)+ / ^dp] 
/i€M(XJ) \ J J 

and a measure realizing this supremum is called an equilibrium state of f for 
the potential ip. Furthermore, we say that a continuous potential ip : X —^M 
is hyperbolic for f, if there exists an integer n > 1 such that 

(3.1) supSni^){z)<Pif^,SM). 

Note that there are hyperbolic potentials for which this conditions fails 
for n = 1, see Remark 13.31 below. Since for each integer n > 1 and each 
continuous potential (p : X ^ M we have P{f^ , Sn{p>)) = nP{f,ip), the 
potential (p is hyperbolic for / if and only if there is an integer n > 1 such 
that 

sup-5„((y9) < P{f,(p). 
X n 
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In the following proposition we give several characterizations of hyper- 
bolic potentials. Two continuous potentials ip,ip : X M. are said to be 
co-homologous if there is a continuous function h : X —^R such that 

ip = (p + h — hof. 

In this case, for each invariant probability measure /i on X we have J (pdfi = 
J ipd^i; this implies that <f>) = P{f, ^) and that the equilibrium states 
of / for the potentials ip and coincide. 

Proposition 3.1. Let X he a compact metric space and let f : X ^ X be 

a continuous function. Then for every continuous potential ip : X ^ M we 
have 

(3.2) lim sup —Snif) = inf ( sup— 5„((^) 
n-^+oo X n \ X n y 

= sup / ipdfi < P{f,ip). 
f^eM{xj) J 

Furthermore, the following properties are equivalent. 

1. The potential ip is hyperbolic for f . 
2- sup^g_^(jf J) / ipd[i < P{f, p). 

3. The measure theoretic entropy of each equilibrium state of f for the 
potential (p is strictly positive. 

4. There exists a continuous potential Lp co-homologous to p such that 

sup^ < P{f, p). 

X 

5. Every continuous potential co-homologous to p is hyperbolic for f . 

We remark that in many situations the potential p in property 4 can be 
taken to be as regular as p and /; in fact, in the proof we show that for a 
sufficiently large n we can take p = ^Sn{p)- 

The proof of this proposition is given after the following corollary. For 
a map / as in the statement of the proposition, we denote by /itop(/) its 
topological entropy. 

Corollary 3.2. Let X be a compact metric space and let f : X ^ X be a 
continuous map. Then f has a hyperbolic potential if and only «//itop(/) > 0. 

Proof. The direct implication follows from property 3 of Proposition 13 . 1 1 and 
from the variational principle. To prove the reverse implication, note that 
if htopif) > ^^'^ if denote hy p : X M the constant potential equal 
to 0, then p is hyperbolic for /: 



P{f,'P) = htopif) > = sup p. 

X 



□ 
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Remark 3.3. When /itop(/) > there always exists a hyperboHc potential (/? 
for which ()3.ip fails for n = 1: 

sup If > P{f, if). 

X 

To find such (p, let x be a point in X which is not fixed by / and let 
h : X — > M be a continuous function such that h{x) — h{f{x)) > /itop(/)- 
Then the potential (p := h — hof is co-homologous to the constant potential 
equal to 0. Thus is hyperbolic, P{f, (p) = /itop(/) and we have, 

sup^ > h{x) - h{f{x)) > htopif) = Pif,^). 

X 

Proof of Proposition \3.1\ The inequality in (j3.2p is a direct consequence of 
the definition of v?). To prove the equalities in (j3.2p . note first that for 
each integer n > 1 and each measure // G M.{X, f) we have 

/* /* 

Sn{(p)dfi = ^ifo f^d^i = n (pdfi, 

SO 

(pd^ < sup— 5'„(99). 
X n 

Taking the supremum over fj, in A4{X,f) and then the infimum over n 
in {1, 2, . . .}, we get 

f f 1 

(3.3) sup / (^d/i < inf I sup— Sn{^) 

fieM{x,f) J \ X n J 

So, to complete the proof of (|3.2p it is enough to show that 



lim sup sup —5n(v9) < sup / 

n^+co X n p.eM(XJ)J 



ipdfj,. 



,j^eM{xj) . 

To do this, for each integer n > 1 let x„ E X be such that 

1 1 

-5„(v?)(x„) = sup-5„(((5) 
n X n 

and put 

n-l 



n 

3=0 

Observe that = ^Sn{^){xn) = sup^^ ^iSn^p. Choose a sequence (nm,)+'^i 
of positive integers such that 

1 1 

lim — Snra'Pixrim) = limsupsup-5'„((^). 

m^+co rim rn.+oo X n 
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Taking a subsequence if necessary we assume that the sequence (/inm)m=i 
converges in the weak* topology to a measure /u in A4{X, /). Then we have 

ipdfi= hm ipdfin^= hm —Sn,^(p{xn,^) 

J m— i-+oo J m— i-+oo 

= lim sup sup —Snif)- 

n— s>+oo X ^ 

Together with ()3.3p this implies the equalities in p.2p and completes the 
proof of ([32]). 

We will now prove the equivalence of properties 1-5. The second equality 
in (j3.2p easily implies that properties 1 and 2 are equivalent. To prove the 
implication 2^3, let (p he a hyperbolic potential for / and let /i be an 
equilibrium state of / for the potential ip. Then we have 

h^,{f) = P{f, [ ^dfi > P{f, if) - sup / ^dfx' > 0. 
To prove implication 3 =^ 2 we proceed by contradiction and assume 



sup / ipdfi = 
M(X.f) J 



i^eM(xj) 

This implies that there is an invariant probability measure such that J (fdfiQ 
P{f, f). By definition of P{f, f) we have, 

so /io is an equilibrium state of / for the potential ip and /i^^ (/) = 0. This 
completes the proof of the implication 3 2. 

So far we have shown that properties 1, 2 and 3 are equivalent. To 
complete the proof of the proposition, first observe that, since for each con- 
tinuous potential p co-homologous to p the equilibrium states of / for the 
potentials p and p coincide, by property 3 the potential p is hyperbolic if 
and only if p is. We obtain as a direct consequence of this fact the implica- 
tion 4 1 and the equivalence between 5 and 1. Finally, observe that the 
implication 2 ^ 4 is a direct consequence of the second equality in (13. 2p and 
of the fact that for each integer n > 1 the function -Sn{p) is co-homologous 
to p: if we put 

n-2 



h = -- 2^(n - 1 - j)p o f, 



then 

-Sn{p) = p + h - ho f. 
n 

This completes the proof of the proposition. □ 
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Proof of the Main Theorem assuming the Key Lemma. To prove the impli- 
cation 1 2, let 99 : J(/) — )• M be a hyperbolic potential and let be an 
equilibrium state of / for the potential (p. Then by property 3 of Proposi- 
tion [3]T] we have h^{f) > 0, so by Ruelle's inequality we have 

max{2x^(/),0}> V(/)>0, 

and thus Xfj,{f) > 0; see for example [PUlOt [Rue78| for Ruelle's inequality. 

To prove the reverse implication we proceed by contradiction: suppose 
there is a continuous and non-hyperbolic potential (p : J{f) — > M such that 
the Lyapunov exponent of each of its equilibrium states is strictly positive. 
Then by property 3 of Proposition 13. II there exists an equilibrium state of / 
for the potential such that h^g{f) = 0. Therefore J ipd/j^o = P{f,p>) and 
by hypothesis Xmo(/) > 0. Replacing /io by one of its ergodic components if 



necessary, we assume /xq ergodic. Then we can apply the Key Lemma with 
t = and n = ^0 and obtain that J ipdfiQ < P{f,ip). This contradiction 
completes the proof of the implication 2 =^ 1. 

Finally, we prove 1^3. Let 99 be a hyperbolic potential, so there is 
an integer n > 1 such that the Holder continuous potential p := ^Sn{<p>) 
satisfies supj(j) if < P{f,ip). Since (p is co-homologous to ip {cf. the proof 
of Proposition 13. ip . we have P{f,^) = P{f,ip) and the equilibrium states 
of / for the potentials ip and p coincide. Thus supj(j) p < P{f, (p) and 
the combination of the works of Denker, Przytycki and Urbahski in [DU91] 
lDPU96j and of Haydn [Hay99j imply property 3 for the potential and 
hence for the potential □ 

Proof of Corollary I Note that by the definition of for each t G -|-oo) 
we have -tin |/'|) = -txinf- 

To prove part 1, observe that the [Key Lemma with ip equal to the constant 



function equal to and t = implies that for each invariant probability 
measure on J(/), 

-t+Xi„f = P{f, -t+ In l/'l) > -t+x^.{f)■ 

Thus Xm(/) > Xmf(/), as wanted. 

To prove part 2, let t G (t+,-|-oo) and let be an invariant probability 
measure on J{f). Then by part 1, 

- = Kif) - t+x^{f) -{t- t+)xM) 
< p(/, -t+ In l/'l) -it- t+)xM) = -t+xiniif) -it- t+)xM) 

< -tXindt) < Pif, In l/'l). 

So /i is not an equilibrium state of / for the potential — tin |/'|. 

It remains to prove part 3. Since by definition of the Topological Collet- 
Eckmann condition the Lyapunov exponent of each invariant probability 
measure on J{f) is strictly positive, by |Dob08l Corollary 11] there is at 
most one equilibrium state of / for the potential — 1+ In |/|, see also [Led84) . 
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If such a measure ^ exists, then we have 

= P{f, -t+ hi I/' I) + t+xM) = t+ixM) - Xinf (/)) > 0. 

On the other hand, since for each t we have 

P(/, -t In l/'l) > V - tx^ = P{f, -t+ In l/'l) - (t - t+)x^{f), 
we obtain 

-tln\f'\)-P{f,-Uln\f'\ 



hm sup ■ 



t - 



< -x,if) 



d 



<Xi„f(/)= lim -P(/,-tlnI/'| 
i->(t+)+ at 



□ 



4. The periodic case 



This section is devoted to the special case of the Key Lemma, where the 



measure fj, is supported on a periodic orbit; we state it as Proposition 14.11 
below. The proof in the non-periodic case is based on some of the same 
ideas as in the periodic case, but it is more elaborated. 

Proposition 4.1. Let f be a rational map of degree at least 2, ip : J{f) —?■ M 
a Holder continuous potential and let t > 0. Then for each integer n > 1 
and each repelling periodic point zq of f of period n we have 



(4.1) 



P(/,(^-tln|/'|)>-5„M(zo)-tln|(r)'(zo)|. 



n 



Proof. Replacing / by an iterate if necessary we assume zq is a fixed point 
of /. Let /3 > be sufficiently small so that there is a local inverse (p : 
B{zq, p) ^ C oi f fixing zq. Reducing p if necessary we assume 



and that there is ^ G (0, 1) such that (j) contracts distances at least by a 
factor of 9. Since zq is a repelling fixed point of / there is a point zi in 
B{zq,p/2) different from zq and an integer > 1 such that f^{zi) = zq. 
Taking larger if necessary we assume that the connected component Ui of 
f~^{B{zo,p)) containing zi is contained in B{zo, p/2) and that its closure is 
disjoint from that of C/q '■= {B{zq, p)). Taking even larger if necessary, 
we also assume that f^ has no critical points in Ui\{zi}. 
Put 



U = UoUUi, f :-- 



f^'lu-.U 



B{zq, p) and (f 



Note that / maps each of the sets Uq and Ui properly onto B{zo,p) and 
that / has no critical points, except maybe for z = zi. For an integer k > 1, 
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a function il) : J{f) — > M and a point x in the domain of definition of / we 
put 

SkWix) = ^(x) + V; o /(x) + ■ ■ ■ + V o f'-\x). 

We also put 

:= {x € [/ : for every integer k > 1 the map / is defined at x}. 
Then we have 

P{f,ip-tln \f\) = (/^, Sn{^) - t In |(/^)'|) 

So to prove the lemma we just need to prove that, 

p(/|^,^-tln|/'|) >${zo)-tln 

To do this, consider the itinerary map 

f.K^ {0,1}NU{0} 

Z ^ i{z)oi{z)i ■ ■ ■ 

in such a way that for every j G N U {0} we have {z) G ^^1(2) - • For each 
integer A; > and each sequence oq, • • • , Ofc G {0, 1} we put 

K{aQ ■ ■ ■ a^) := 1^ G K : for every j G {0, . . . , A;} we have i{z)j = aj| . 

By our choice of (p it follows that there is a constant 5 > such that for 
each integer > 1 and each point x in i^(0_^^^) we have 

k 

\Sk{^){x) - k(p{zQ)\ < S. 
Taking S larger if necessary we assume that for every point x in [/ we have 

\(p{x) - (p{zo)\ < S. 

We have two cases. 

Case 1. t = 0. Since / has no critical points, except maybe for zi, 
and since f{zi) = zq is fixed by /, it follows that / is semi-hyperbolic 
in the sense of |C JY94] . Thus for each integer k > 1 and each sequence 
ao, . . . , a/c G {0, 1} the diameter of each connected component of K{ao ■ ■ ■ a^) 
is exponentially small in k. This implies that for each xq G -R' we have 

-P(7|k,^)= lim -In exp (5„(^)(x)) , 




f\zo) ■ 
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see for example [CRLllt Lemma 4.2]. Fix a point xq in K. Then the radius 
of convergence R of the power series in the variable s, 

+00 / 

(4.2) H(s):=j; Yl exp(5„(^)(x) 
is equal to 

R = exp (^-P (^/Ij^,'?^ 

Thus we just need to show that R is strictly smaller than exp(— (^(zq))- 

To do this, note first that, since / is proper, for each integer A; > and each 
sequence qq, . . . ,ak € {0, 1} there is a point of f~^{xQ) in K{aQ . . . ak). We 
will prove now that for each integer fc > 1, each sequence oq, . . . , Ofc G {0, 1} 
with oo = 1 and each point x in K{aQ ■ ■ ■ at) we have 

(4.3) Sk+i{^){x) >ik + l)^(zo) - 2(ao + • • • + ak)S. 

To prove this inequality, put £ := ao+- • ■+ak and let ii = < Z2 < • • • < < 
k be all integers i in {0, . . . ,k} such that = 1. We also put ig+i = k + 1. 
Then by our choice of S, for each j € {!,...,£} we have 

S.,^,-^,{f'{x)) > - ijMzo) - 25. 

Summing over j in {!,...,£} we obtain ()4.3p . 

To prove that R is strictly smaller than exp( — (^(zg)), we define the fol- 
lowing power series in the variable s, 

+00 

$(s) := ^exp (^kip{zo) - 2S^ s^. 

k=l 

In view of ()4.3p , each of the coefficients of the series 

$(s) + ^'(s)2 + $(s)3 + ... 

is less than or equal to the corresponding coefficient of H(s). On the other 
hand the radius of convergence of <1> is equal to exp(— (^(zq)), so 

lim ^{s) = +00 

and hence that there is sq G (0, exp(— (^(zq))) such that $(so) > 1. It follows 
that the radius of convergence of H is less than or equal to sq. We thus 
have, 



exp \^-P yflK^'P)) < R< So < exp(-^(zo)) 
and hence P ( > (^(zq), as wanted. 



Case 2. t > 0. If zi is not a critical point of / then ln|/'| is bounded 
and Holder continuous on U, so this case follows from Case 1 applied to the 
Holder continuous potential ^ — t In |/'| instead of (p. So we assume that zi 
is a critical point of /. Denote by d > 2 the local degree of / at zi. Let pi 
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be a fixed point of / in Ui and for each integer A; > 2 let pk be a fixed point 
of contained in K{0 •••01). By definition of S, for eacli A: > 1 we have 

fe-i 



In particular we have 



liminf jSk{(p){pk) > ifizo). 



On the other hand a direct computation shows 



lim — In 

fc-i-+oo k 



?) iPk) 



1 



In 



It follows that for a sufficiently large k 



P /U,^-tln 



1 - 1 
> -Sk{ip){pk) - t-ln 



?) iPk) 



>^(zo)-tln|/'(zo)|. 



□ 



5. Iterated Function Systems 



In this section we prove the |Key Lemma assuming the existence of a 



suitable "Iterated Function System" generated by the rational map. We 
state this fact as Proposition 15. H below. Its proof is postponed to ^ 

After fixing some notations in ^5.11 we give the statement of Proposi- 
tion 15.11 in ^5.2i The proof of the |Key Lemma| is given in ^5.41 after some 



preparatory considerations in ^5.31 

5.1. Symbolic space. Let S := {1,2, •••j^ be the space of all infinite 
words in the alphabet N and for each n G N define 

and put 



n>l 



Given an integer n > 1 and a sequence £i • • • in $]„ we call n the length of 
ii - • • in and denote it by - ■ ■ in\- 
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5.2. Iterated Function Systems. An infinite sequence of pairwise distinct 
holomorphic maps {4>e)£^=i is called an Iterated Function System (IFS), if 
there are G C and p > such that for each £ > 1 the map (pi is defined 
on B{zo, p) and takes images in B{zq, p/2). Then for each integer n > 1 and 
word ^1 • • • G S„ we put 

We say such an IFS is free if for every pair of distinct finite words € S* 
the maps and are distinct. 

Given a rational map / of degree at least 2, we say that such an IFS is 
generated by /, if there is a sequence of positive integers (m^)^^ such that 
for each i the map f"^' o (j)^ is the identity on B{zQ,p) ; in this case 0£ is 
the inverse branch of defined on B{zo,p) and maps zq to 4>i{zq). We 
call (m^)^^ the time sequence of {4>t)^^ and for each integer n > 1 and 
each finite word £i we put 

m£,...£„ := H h 

Furthermore, we say that {4>i)~i^ is hyperbolic with respect to f if there 
are constants C > and A > 1 such that for all z G B{zQ,p), i Ti* 
and j G {1, • • • , m^} we have 

l(/^y(r^-^'(M^)))l >CA^. 

Given a point z G C and an integer n > 1 we will say that a point 
y G f~"'{z) is an unramified pre-image of z by /" if 7^ 0. We will 

say 2; is exceptional if it has at most finitely many unramified pre-images. 
An exceptional point can have at most 4 unramified preimages, see |McMOO[ 
Proposition 2.2] and also |MSOO| . 

Proposition 5.1. Let f he a rational map of degree at least 2, po > be 
given by the Koebe Distortion Theorem, : J{f) — ?> M a Holder continuous 
potential and t > and put ip := ip — tin \ f'\. Let p be an ergodic invariant 
probability measure not charging an exceptional point and whose Lyapunov 
exponent is strictly positive. Then there are C > 0, zq G C, /? G {0, po) and 
a free IFS {4>i)t^ generated by f , which is defined on B{zo,p), is hyperbolic 
with respect to f and such that, if we denote by (rni)^^ its time sequence, 
then for every integer I > 1 we have 

(5.1) Smii'4')i(t>eizo)) > rui j tl;dp-C. 

We will use the following well-known distortion lemma, see for example 
[PUlOl Lemma 3.4.2 & Lemma 5.2.2]. The proof uses the Holder continuity 
of the potential <p and the Koebe Distortion Theorem. 

Lemma 5.2 (Bounded distortion of a hyperbolic IFS). Let f be a rational 
map of degree at least 2, po > given by Koebe Distortion Theorem, ip : 
J{f) — )■ R a Holder continuous potential and t > and put = ip — 
tln|/'|. Furthermore, let G C, p G (0, po), let {(pi)^^ be a IFS generated 



16 



I. INOQUIO-RENTERIA AND J. RIVERA-LETELIER 



hy f defined on B{zo,p) and let {mi)^^ be its time sequence. If {<pe)^^ 
is hyperbolic with respect to f, then there exists Co > such that for each 
ie'S* and^,^' eB{zo,p/2) 

(5.2) \Sm,W {4>e{0) - SmM iMO) I < Co. 

5.3. Uniformly expanding sets and topological pressure. Let / be a 

rational map of degree at least 2, zq £ C, p > and let {(j^e)^^ 
generated by / defined on B{zo,p) with time sequence {mi)^^. Then for 
each iV > 1 we put 

Siv := {le^* :me = N} 

and 

(5.3) Un= \J MBizo,p)). 

We also define F := f^ : Un — > B{zo,p), so that for each £ G Sat the 
map F o (f)£is the identity on -6(2:0, p). Note that the set 

+00 

■= n U o • • • o (pp {B{zo, p)), 



JV 



is a Cantor set contained in J(/) and that F\j^^ is uniformly expanding. 

When {(pe)^^ is free, then for each pair of distinct words £ and / in Sjv the 
maps (j)£ and (pf are distinct inverse branches of F defined on B{zo,p). In 
particular the sets (f)i{B{zQ, p)) and (j)f'{B{zo, p)) are disjoint. It follows that 

for each continuous potential if : — > K the topological pressure of -^1^^ 
for the potential S^if) is given for each ( G B{zo,p) by 

P{F,Sn{'p)) 

= lim sup - In V exp (SnNi^) {(t>e ° • • • ° </'r(C))) • 

Lemma 5.3. Let f be a rational map of degree at least 2, ip : J{f) — >■ R 

a Holder continuous potential and t > 0. Furthermore, let zq G C, p > 
and let {(pe)^^ be a free IFS generated by f defined on B{zQ,p), which is 
hyperbolic with respect to f . Fix C, in B(zq, p/2) and for each integer N > 1 
let S TV and Kn be as above and put 

An := (^^(v') iMO) ) I in' {M0)\~' ■ 

Then we have 

P{f,^-tln\f'\) >limsup^lnAAr. 
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Proof. Put ip = ip — tln\f'\. If we let Co > be the constant given by 
Lemma 15.21 then for each integer > 1 we have 

= ^ lim sup - In exp SnW (^^i o • • • o (() 

+Sn{'^) (0^2 o ... o (l)r{0) + • • • + S^(^) (0r (0) 
^ lim sup - In ^ exp [n {Sn{iP){MO) - Co)] 



> ^ 



■^°+4lnA^.. 



N N 

We obtain the desired inequality by taking +00. □ 



5.4. Proof of the |Key Lemma assuming Proposition 15. IL Let /i be 



an ergodic invariant probability measure on J(/) whose Lyapunov exponent 
is strictly positive, 99 : J{f) — )• M a Holder continuous potential and t > 
and put ip := if — \B.\f'\. In the case where ^ is supported on a periodic 
orbit of /, the desired inequality is given by Proposition 14.11 Therefore 
from now on we will suppose that the measure /i is not supported on a 
periodic orbit. In particular, /i does not charge an exceptional point of / and 
hence it satisfies the hypothesis of Proposition 15.11 Let C > 0, G «/(/), 
p > and let {(t>i)~^^ be the free IFS generated by / defined on B{zo,p), 
which is hyperbolic with respect to /, given by Proposition 15.11 Choose a 
non-periodic point C ^ B{zq, p/2) and for each integer > 1 let Ajy be as 
in Lemma 15.31 Then this lemma implies that the radius of convergence R 
of the power series in the variable s defined by, 



satisfies 



mi 



N=l £eS* 



R := flimsupAjv/"^ ) > exp(-P(/,V)) . 



-1 



Therefore, to prove the |Key Lemma it is enough to prove that R is strictly 
less than exp(— J tpdn). 

To prove this, let Co > be given by Lemma [5^2] and let (m^)^!^^ be the 
time sequence of {(l)e)t=i- (|5.ip and by Lemma [5^21 for each integer i > I 
we have 

exp{Smt{tp){(t>e{C))) > exp(-(Co + C))exp ( rm / -0^/" 
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So for each £ € S* we have, 

(5.4) exp {Sm.mMC))) > exp(-|^|(Co + C)) exp (^m, j i;dfi 
Therefore, if we define the power series ^ in the variable s by, 

:=^exp (-Co-C + me j i^di^ s'"^ 

£=1 ^ J ' 

then by (j5.4p each of the coefficients of the power series in the variable s 

(5.5) $(s) + $(s)2 + $(s)3 + --- 

is less than or equal to the corresponding coefficient of the series H. But the 
radius of convergence of <I> is equal to exp I — / -i/'dyu I and we thus have 



lim '^'(■s) = +00. 

s— >-cxp(— J i/)a!/i) 

So there is sq ^ (0,exp (— / V''^A')) such that <I'(so) > 1 and therefore the 
radius of convergence i? of H is less than or equal to sq . Hence we have 

exp (-P(/, -0)) < ^ < so < exp ^- ^ ^d^ 

and -P(/, V') > / V'c^/^) as wanted. 

6. Constructing the IFS 

In this section we prove Proposition 15. H and thus complete the proof of 
the Key Lemma and the lMain Theorem! 



We will use the following lemma. 

Lemma 6.1. Let f be a rational map of degree at least 2 and let (^n)^^ be 
a sequence in J{f) such that for each integer n > we have /(z^+i) = Zn- 
Let p > 0, M > 1 an integer and (?^£)^lf^ a sequence of strictly positive 
integers such that for each integer £ > 1 we have n^+i > n£ + M and the fol- 
lowing properties hold. There is a point X£ of B{zq, p/2) in f^^'\zni) differ- 
ent from Zni+M o,nd an inverse branch 0£ of f""^^^'^ defined on B{zQ,p) and 
taking images in B{zq, p/2), such that 4>e{z()) = X£. Then the IFS (0£)^tf^ 
so defined is free. 

Proof. Note first that the hypotheses imply that for each integer n > 1 there 
is an inverse branch cpn of defined on B{zo, p) and such that (pnizo) = -^n- 
Let k,k' > 1 be integers and let i := £i ■ ■ ■ £k and £! := £i - • • £f., be different 
words in S*. To prove that the maps (pi and (p£i are different, we assume 

without loss of generality that £j^, > ^^ + 1. Putting N := n£^+- ■ ■+ni^+kM , 
we have 

/^-«^.-*^o</.,(zo) = 04(zo) = X4. 
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On the other hand, the hypothesis that for every £ > 1 we have n^+i — ni> 
M imphes 



k' 



and hence 

As by hypothesis the points xi^, and +m are different, it fohows that the 
points (p£'{zQ) and (j)£{zo), and hence the maps (pi and (p^', are different. □ 

Proof of Proposition \5.1[ We denote by Z the space of all sequences {zn)n=o 
in J(/) such that for each integer n > we have f{zn+i) = Zn- We define 
the inverse limit of / : J(/) — > </(/) as the invertible map F : Z Z that 
maps a point {zn)n=o ™ ^ *° sequence (z^)^^ defined by z'q = f{zo) 
and for each integer n > 1 by = Zn~i- We denote by IT : Z — > J(/) the 
projection given by 11 ((zn)nez) = zq, so that / o 11 = 11 o F. 

Let 1^ be the unique measure on Z that is invariant by F and so that 
H^i^ = Since n is ergodic, the measure v is also ergodic for F and 
So by jPUlOt Theorem 10.2.3] there is a subset of Z of full measure 
with respect to such that for each point z_ = {zn)n=o ™ ^^^^ there is 
r(z) > such that for each n > 1 there is an inverse branch of /" defined 
on B{zo,r{z)) = B{Il{z),r{z)) and such that (pnizo) = Zn = n(_F~"(z)). 
Fix such z_ = {zn)n=oj such that in addition it is generic for u and F^^ in 
the sense of the Birkhoff Ergodic Theorem, so that we have 



n-1 



^ n— 1 

lim — > 6z 

n— >-+oo n ^ — ' 
j=0 

in the weak* topology. We also assume that it satisfies the conclusion of 
Birkhoff Ergodic Theorem for F~^ and for the function In |/'| o H: 



(6.1) hin i^ln|/'|on(F-^(z))=XM(/); 

n— s>+oo n — ' 

i=o 



and that 

m— 1 



hmsup 5^ (^on(F-^((z„)+ro)) - / ^ 

m— >-+oo ^ J 



V'd^ > 0, 



see for example [PRLOSj Lemma 8.3]. Reducing r(z) if necessary, we assume 
that r(z) < /Oq. So by Koebe Distortion Theorem there are constants Co > 
and Ao > 1 such that for every C, G 5(^0, r(z)/2) and every integer n > 1 
we have 

(6.2) |(r)'(^n(C))l>CoAS. 
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In particular, the diameter of (pn{B{zo,r{z)/2)) converges to as n — > +00. 
On the other hand there is a strictly increasing sequence of positive inte- 
gers (n^)^ such that for all i we have 



and such that the sequence ((^n^+jOjtf^j^lfx converges in Z to some point (y„)^J^. 

Now the proof is divided into two cases, according to whether the limit 
point {yn)n=o ^ periodic orbit of F of exceptional points of / or not. 

Case 1. {yn)n=o ^ periodic orbit of F of exceptional points of /. We 

start defining an integer A'^ > as follows. If yo is a non-exceptional point 
we put N = 0. If yo is an exceptional point, then our hypothesis implies 
that {yn)n=o i^ '^ot ^ periodic orbit; so there is an integer N > 1 such that yjsf 
is not exceptional. In all the cases is a non-exceptional point. So there 
an integer M' > 1 and an unramified preimage Wq of y^- by that is 
not in the forward orbit of a critical point of /. By topological exactness 
of / on J(/) there is an integer M > M' + 1 such that there are different 
points Wo and wi of B{zo,r{z)/4) in f~^^~^'\w'Q). It thus follows that 

and that is locally injective at both, z = wq and z = w\. Then there 
is p > and an inverse branch '^q (resp. ^'i) of defined on B{yN,p), 
taking images in B{zo,r{z)/4:) and such that ^'o(yAr) = wq (resp. ^'i(yAf) = 
wi). Replacing (n^)^!^ by a subsequence if necessary we assume that for 
every integer ^ > 1 we have 

(6.3) ( sup \%\] CoA^^+^ > A^+^+^)/^ 

n-l+i > ni + M and 

^ne+N{B{zo,r{z)/2)) C 5(yjv,p/2); 

in particular both compositions, ^'o o 4>nt+N and ^'i o (pn^+N are defined 
on B{zo,r(z)/2) and take images in B{zo,r{z)/4:). By construction, for 
each integer £ > 1 the points ^'o o (pm^+Nizo) and ^1 o 0„^_|_jv(-Zo) are dif- 
ferent. Replacing (n^)^!^ by a subsequence and interchanging wq and wi if 
necessary, we assume that for each integer i the point 

Xe := *o O ^ne+N{zo) = '^o{Zn(+N) € f~^{Zn^+N) 

is different from Zm+N+M and put 

Note that (0^)^ is an IFS defined on B{zQ,r{z)) that is generated by / 
and whose time sequence is (m^)^ := {n( + N + M)^. 
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Lemma [6.11 with p = r{z)/2 and with {ni)~^^ replaced by (n^ + N)'^^, 
imphes that the IFS is free. To prove that {4'^)'^^ is hyperbohc 

with respect to /, note that ()6.3I) imphes that for each integer i > 1 and 
each ( e B{zo,p) 

\{nymc))\ > Ar^'- 

Together with (|6.2p this imphes that the IFS {(l)e)^^ is hyperbohc with 
respect to /; we omit the standard details. It remains to prove (15. ip . To do 
this, put 

Ci := — inf th = — inf 09 + i sup In I f'l < +oo, 
Jif) J{f) j(f) 

so that 

> -{N + M)Ci +ne j i'dp, - 1. 

= me I ipdfi-l-iN + M) ( Ci + / i^dp] . 



This proves ([53]) with C = 1 + {N + M) {Ci + J ^dp) and completes the 
proof of the proposition in this case. 

Case 2. {yn)n=o ^ periodic orbit of F of exceptional points of /. Since the 
point z_ is generic for u and F^'^ and since by hypothesis p is not supported 
on an exceptional periodic orbit, it follows that z is not a periodic orbit 
of F of exceptional points of /; in particular it is different from {yn)^=i- 
Together with the fact that for each integer n > 1 there is an inverse branch 
of /" defined on B(zQ,r{z)) and mapping zq to Zn, namely (pm this im- 
plies that B{zo,r{z)) does not contain any exceptional point. In particular, 
(j)n{B{zo,r{z))) does not contain uq. 

By the topological exactness of / on J(/) there is an integer M > 1 such 
that there exists a point wq of B{zo,r{z)/8) in f~^\yo)- Since yo is by 
hypothesis an exceptional point, z = wq is a critical point of /*^. Let p > 
be sufficiently small so that the connected component W of f~'^^{B{yQ,p)) 
containing wq is contained in B{zQ,r{z)/8) and such that the only critical 
point of in W is z = Wq. Replacing (ni)^-^ by a subsequence if necessary 
we assume that for every integer ^ > 1 we have n^+i > + M and 

^ne{B{zo,r{z)/2)) C B{yo,p). 

Since by the above / yo and since f^^ : W ^ B{yQ,p) is of degree at 
least 2, it follows that there are at least two points of W in f~^\znf ) = 
f^^^{(t>ni{zo)); let xe be one of these points that is different from Zn^+M- On 
the other hand, the fact that (/)„^(i?(zo, r(z)/2)) is contained in B{yo,p) and 
does not contain yo, implies that there is an inverse branch of /"f+A^ defined 
on B{zo,r{z)/2), taking images in B{zo,r{z)/8) and that maps zq to xf, we 
denote by (pi the restriction of this inverse branch to B(zQ,r{z)/4:), so by 
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construction (pi has a univalent extension to B{zQ,r{z) /2). Note that (0^)^tf^ 
is an IFS defined on B[zq, r{z)/4), that is generated by / and has (jrip^j^^ := 
(n£ + M)^^ as time sequence. 

Lemma [6.11 with p = r(z)/4 imphes that the IFS {(pc)^^ is free. The 
proof of (|5.ip is similar as in Case 1. It remains to prove that, after replac- 
ing (n^)^^ by a subsequence if necessary, the IFS {(i^e)^^ is hyperbolic with 
respect to /. To do this, let L> > 2 be the local degree of /^^ at wq, let p > 1 
be the minimal period of the exceptional point yo and put L := sup^j |(/^)'|. 
Note that we can reduce p by replacing (n^)^t^ by a subsequence; by 
doing this if necessary, we assume that for each j E {!,... ,p — 1} the 
set f^B{yQ,p)) is disjoint from B{yQ,p), that for each n E {0, ... ,p — 1} 
the point Zn is not contained in B{yQ,p), that 

(6.4) i^2,i{B{yo,mD-l)/D ^ ^1/3 

and that there is a constant C2 > such that for each point z in B{yQ,p) 
and each point x of in f~^'^[z) we have 

|(/'')'(x)|>C2dist(z,yo)(^-^)/^. 

Given an integer i > 1, let be the largest integer T > 1 such that for 
all J E {0, . . . ,T — 1} we have f^P{zni) E B{yQ,p); by our choice of p we 
have pTe < n£. Since lim„_^+oo ^ ^n=i = for every sufficiently large 
integer £ > 1 we have, 

(6.5) Tp<2p{B{zo,p))np. 

Replacing (nc)^^ by a subsequence if necessary, we assume this holds for 
every integer £ > 1. So, by the definition of L, for every integer £ > 1 we 
have 

dist(z„^,yo) > L^^'p- 
Letting C3 := €2'^^'^^!^ we have by ([63]) and then by ([Oil . 



|(/''')'(x,)|>C2dist(z„„yo)^^-'^/^ 

We thus have by the definition of Cq and Aq, 

l(rO'(</'K^o))| = I(r0'(^nj| • > CoCaA^"^/^ 

Since has a univalent extension to i?(2;o, r(z)/2), by Koebe Distortion 
Theorem there is a constant C4 > independent of I so that for each C E 
-B(2:0) ?'(l)/4) we have 

\{n)\UQ)\ > QA^/i 

So, replacing {nc)^^ by a subsequence if necessary, we have for every inte- 
ger i>l and every C E i?(2;o, ''d)/4), 

i(r^)'(0£(c))i > x7^'- 
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Together with ()6.2p this imphes that the IFS {4'e)t=i hyperbohc with 
respect to / and finishes the proof of the proposition. □ 
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